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Statistical Inference-I1

Likelihood ratio test

Obtain the likelihood function from the given density. When Ho: 1 = A, obtain L(@) by
putting u = 1, in L(X). the estimate the parameter of the distribution and replace it into L(w)
then it become L(@) and when Ha : & # £4, then estimate the parameter from L(X) by using
MLE method . Then put these estimators in L(X) which will become L(<)..

Then likelihood ratio test.

L@ L(@)

_ =\ <k
L(Q)

L) ¢

The estimator which is use to estimate the parameters is only used when they are unknown.
Otherwise if the parameters of the distribution are known then there no need to estimate the
parameter. The method of estimation used will be MLE method.

Q.No .1

Derive likelihood ratio test based on n independent observation for H,:6=1vs H,:6=1

For
f(x)= C e*x? x>0
Solution

First we find the value of “c”

As we known that

Area:Tf(x) d(x)
1=TCe‘9‘x2 d(x)

1=C[ x"%e”* d(x) (i)
0
As we know that gamma function is
Jab® = j x*eb d(x) (i)
0

Comparing equations (i) and (ii)

1=)3 (07
1= 2%3
c= ‘9%
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So

63
f(x)= — e*x’
(x) >

Taking likelihood function

LX) = [T

(¢

(=20 ™

At
H,:0=1

Then we get
13n n Ny
L(@)= 25 ]’ 2
i=1
. 1 4 “3'x
L(®) = ?(l_lx)2 2
i=1

At

H,:0=1

eBn n ) 0% x
L= - ([0 e

Taking log of L.H.F

logL(x) = 3nlog &—nlog 2+2> logx—6> xlog e

log L(x) = 3nlog &—nlog 2+2> logx—6> X

Differentiate w.rt &

dlogL(x) 3n
———2=—->%» x+0-0
dée % Z

dlogL(x) 3n
dée %

3n
2 x= 3

3n
o= 3/

Lecturer, Statistics
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Replacing in 0 = 3)—( L(x)

3 3n
3
L() = H ! e
~ 33n n —EZX
L(€)= = (H )" e

L(©)= 3_n3n (ﬁx) =

By likelihood ratio test

L(@) _
L(Q)

in (ﬁ X)Z e—n;
33“ = n a

_3n (H X)Z -3n

—3n 3
X e—nx
33n e—3n < ka

—3n <
e—nx < ka 33n e—Sn

Taking log on both sides
3nlog x—nx <log(k, 3"e™")
n(3log x—x) <log(k, 3"e™")

n(3log x—x) <log(k, 3*"e™")

-

3log X — X —<Iog(k 3¥ne=n)

~(x-3logx) < —% og(k, 37e™)
Multiply by “-1” And sign of inequality will be change

(x—3log X) 2—%Iog( K 37

Therefore C= —% log(k, 3*e™")

So c is the critical region to test H,:6=1vs H,:0+1
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Question no 2

Derive the likelihood ratio test based on “n” independent observation for testing H,:0=1Vs

H,:0#1For f(x;0) = C e* x>0
Solution

As we know that

Area = T f(x) d(x)

1=CTe9‘ d(x)

0
1=C j X e d(x)
0

Comparing with gamma function

1=C)1(67")"

1-%

f=c
This is required result

So

f(0)=6¢e” x>0
Then likelihood function
L(x) = 0" e "%
At H, :0=1
L(@) = e
AtH,:0=1
L) = 0" e "' ()
Taking log on both sides
log L(x) = nlog6—6)_x
Differentiate w.r.t 6

d log L(x n

39( - E_ZX

0= g—ZX
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Replace in L(x)

L(Q) = (%) e

L(Q) = (a e

By definition of L.H.R test

L(@) _
L)

e—ni

—-n

xe™<ke™"
Taking log on both sides

nlog x—nx <log(k_e™)
n(log x—x) < log(k e ™)
- -1 .
log x—xgﬁlog(kae )
_ — 1 »
—(x—log x) < =log(k_e™)
n
Multiply by “-17
_ _ 1 »
X—log x=—-=log(k,e™)
n
~C=—Liog(ke™
n

x—logx>C

Lecturer, Statistics

So c is the critical regionto test H,:0=1vs H,:6#1.

IUB R.Y.K Campus-5



Prepared by: Muhammad Riaz Lecturer, Statistics IUB R.Y.K Campus- 6

Question no 3

A random sample of size “n” from a normal population with unknown mean and variance &°is
to be used to test H, : gz = s, vs H , : # p, using MLE of “ 12 and &7 .show that likelihood
statistic can be written in the from.

[ =}

As X — N(u,5%)

L (xem?

1 -
e 2° —00 < X < 400

M= 52x

Then taking likelihood function

L(x) = 7:1 £(x)

1) ShYeew?
L(xX) = 26
) (5@) °

NERU RIS %
L(X)’(a‘zj (@j i

As Ho = p,

13 1 Y LS ()2
L —| = - 25
(@) (5j [ﬂj °

Taking log on both side

1
267

log L(@w) =-nlog \/ﬁ—glog 8= > (x— 1)’

Partially differentiate w.r.t 5°

dlog L(®) n 1 )
=0- + E X—
452 257 a7 (X k)

0=- n + L
26%  25°

Z(X_ﬂo)z

n 1
257 = 27 2 (X )’

52— Z(X_/Jo)2
n

1 n
5 Z(X_ﬂo)z
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Now we replace iz in L( @ )then we get
o

1 Y n 2 > (x—tp)?
L(D) = 2% (X—44)
(@) [@} (z«-w}e

n

o (1Y n > 7
<@-( ) (zu—ﬂofJ e

Now H,:u# u, in LH.F sowe get

NERER S
=[5 (5

Taking log on both side

1 n , 1 5
log L(x)=n |09(ﬁ]—§|09 ) —TSZZ(X—,U) (-1)

Partially differentiate w.r.t 2

d log L(X) n 1
Ta e e 20T
5’22 _ Z(X_;u)z

n

Again differentiate W.R.T” 1 ”
dlog L(x)
du

0 Z(X:ﬂ)z
o

—0-0--2 % (x— " (-1




L(Q) :(

_(J;Tj[Z(x
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ﬂZ = JzeZZ&x)ZZ(”)Z
(x—x)°

n

n

n

2
_ e 2
_X)2

L) _,
L(O)
(Ji—ﬁ]n[z<x”-ﬂo>zfe;

n

(J;szn(Z(x_i)zjze;

> (x—x)’

|
|

Z:(X_:uo)2

> (x-x)°

2
=2

n

> (x=X)% +N(X— 11, J )

1

(D x—x)

n(;_/uo)2

Z(x—§)2+z(x—i)2

1

__ 2
14 NOX= 1)

D (x=x)?

n
2

=A

n
2

=1

by likelihood ratio test
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NS

+ n()_(_:uo)2
s*(n-1)

NS

1
v _ 2
14 11(X o)
n-— S
n

(- ay) o (=)

%/ﬁ SZn

t

NS

1

tz which is the required result
1+ ——
n-1

Question no 4

For a random sample of size “n” from normal distribution with mean x and variance &°test

Ho pu=u, vs Hylp#u,

As X = N(u,5?%)

f(X)=— e_z;(x_y)z <X<+
= — 00 S S +00
5~2rx

Then taking likelihood function

R N ol P
L(X) = 25
() [wﬂj ‘

NN
(5[5

AsSH,:u=u,
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B igi 2522(Xﬂo
L(”)_(ézj (mj :

Taking log on both side

log L(w) =—nlog \/ﬂ—glog 5% — 222 D (X = 1)’

Partially differentiate w.r.t 52

dlog L(w) n 2
452 257 " 25° 2. (X~ )

n 1
O=——5+ > (X— 1)
257 " 25t 2 X7 )

1
257 = 257 2 (X~ Ho)’

82 _ Z(X_ﬂo)z
n

1 n
52 Z:(X_/uo)2

Now we replace iz in L( w)then we get
o

o (1Y n 2 s bt
- ) (zu—ﬂo) J e

o (1Y n ;"2“
<@-( ) (zu—ﬂofJ e

Now H,:u# u, in L.H.F sowe get

_ 1 n 25"—2‘(X 2
L@_(ﬂj (5) °

Taking log on both side

n

1
log L(x)=nlog| —— |——log 6%—
g L(x) g(\/ﬂ] 5 g
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Partially differentiate w.r.t &7

d log L(x) n 1 2
— 79 TN 0_ + X —
45 257 a7 24

2
52 = Z (X—p)
n
Again differentiate W.R.T” ¢z~

dlogL(x) _~ » 2 N2
T—O 0 2522(X 1) (-1

0= Z(X;,U)Z
o
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1 n n 2 n
:(ﬂj [Z(X_i)zJ e’ by likelihood ratio test

NS
-]

(J;_ﬂjn[ﬂxn—ﬂo)z} ° <k

n o

(J;_njn[z(:—if]zeg
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n
—5 >
> (x-x
(= Py
Z (X o :uo)

Let Z(X_luo)2 :Z(X_)_(+)_(_/Llo)2

2= X)7 (X = )7 = 2(x = X)(X = p1,)

3 (X=X) +n(X—115)”

Z(X_)_()_Z : <k
D (x=x)?+n(x—p)? | °

_ Lt <k,
(2 X=X)"  n(x—p,)°
D (x=x)* D> (x=x)°
Gy |
nX—,UO
1+Z(X—§)2
1 <k,
1 n(X—,Llo)Z
s’(n-1)
L <k

__ 2
14 11(X 2uo)
n— S
A

(=) o (x= g1’

b

t
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NS

2 2
1+ <k, n
n_
2 2
|
n-1

£ < (k. —1)(n—1)

< y(k, n ~1)/(n—0)

Is a likelihood ration testto H g & 24 = f4, vs H,y:iu#u, .

Question no 5

IfX—>N(,Ll,52) where &% isknown. TestH, : 1= 14, vs H,:iu#puy,

As X = N(z,5%)

1 2
——— (x—p)
1 g 25° — 0 < X< 400

M) =572 < X<

Taking likelihood function

I N
L(x) = 25
) (5\/%] i

NER R
0[5 (mj ‘

As H, @ u=
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~ (1 g 1Y _T;Z(X_ﬂo)z
L“""(aZ) (mj ‘

-1

As 57 is known there is no need to estimate the parameter.

Now H , @ u# 1,

(1 Y1) e
(7] ()

Taking log on both side

2

—(2)

IUB R.Y.K Campus- 14

log L(x)=nlog[ij—ﬂlog 52—2%522@—#)

Jor

differentiate W.R.T” 1 ”

dlogL(x) ~ o 2 B
T—O 0 25220( 1)
O:Z(X;ﬂ)

o)

Put the value equation 2

(1 V(1) ke
o~ 7[5

By likelihood ratio test

L@<k
L(Q)

a
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252( — o) +*Z(x x)

Take log on both side

_hiz(sz—nluoz—ZluoZX—ZXZ—H)_(2+2)_(ZX) < Inga

1 (
Nuy>—2u X—NX_ +2nX ) < logk
IR :

1

- =2
zgz(nﬂo 2,uonx+nxj < logk,

—5{nGn0)?) < togk,

—n(x—u,)* < 25%logk,
Multiply “-1” and reverse inequality

n(x—g,)> >— 25°logk,

- 252
(X_:uo)2 2= N logk,

Taking square root on both side

‘)_(—,uo‘ > \/ZT(SZ logk,

2
cC=-— \/ﬁlogk
n

‘i—,uo‘ > C
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Question no 6

Let f(x) be a random sample distribution with variance “1” and unknown mean A .let the

random sample consists of “n” observations find the critical region of likelihood ratio test of size

“a”fortest H,:¢=3 vs H,:u#3

As X > N(u, 1)
S xep)?

—00 < XL 400

f(x):%e

Take likelihood function

L(X):(%j e_ZZ(X—ﬂ)z

As H,:u=3

(o

Now H,:u#3

o

Taking log on both side

n 1 )
——— > (x=u)
g 27 — (1)

log L(x) = nlog (ﬁj—%m—u)

differentiate W.R.T” 1

di0g LX) 5 251
T—O ZZ(X #)(=1)
O:Z(Xz—ﬂ)

o

D x—nu=0
> x=nu

A

L =X
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Now put in equation (1)
n 1 -
1 ] e_wzz(H)2

@[ 5

By likelihood ratio test

L(w
( _ ) S ka
L(Q)
1 > (x-8)?
N 27 _ <k,
1 557 2. (X’
N 27
e—;Z(x—:a)2
. — =<Kk,
e_zazz(x_x)
1 2 1 T2
e—ZZ(x—s) —557 20 <K

a

Taking log on both side

1 1 -
-5 D (x-3)? —FZ(X—X)Z < logk,

1 _ —
— (Zx2+9n—62x—2x2—n X~ 4+2XnN x) < logk_

—%(Qn —BNX+NX_ )S log k,

—%( (x—3)?)<log k,

—n(x—3)? <2log k,
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2

(x—3)2 <—Zlogk,
N

‘)?—3‘ < —\/§ log k,

This is the required result.

Properties Of Likelihood Ratio Test:
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There are some important properties of Likelihood Ratio Test as given below:

A O0<A<lieA=>0

1) The ratio of “ satisfied

2) Parameter 0

cannot be vector valued the denominator.

3) Denominator of A is the likelihood function as the ML estimator.

4) The sample
5) Itis used to find best critical region.
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X1, X5, Xgyeene, X, is the random sample from the p.d.f f (X;6).



